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PLASTIC FLOW OF CONE-SHAPED BODIES™

M.A. ZADOIAN

Flows of an ideal rigidly-plastic incompressible medium, in the shape of a cone-
shaped body, are considered for different external effects. The problem of axisym-
metric flow reduces to a system of two ordinary differential equations whose solu-
tions describe the limit state of conical tubes subjected to uniformly distributed
annular tangential forces, normal and annular tangential forces, normal and long-
itudinal tangential forces on the inner and outer surfaces. The combined bending
and tension of a conical sheet and the flow of plastic mass between two-dimension-
ally rough conical surfaces which are approaching exponentially in the annular
coordinate are investigated.

The axisymmetric radial flow of a plastic mass in convergent channels in the shape of a
circular cone is investigated in /1,2/. The problem of the limit state of a conical tube under
uniform internal and external pressure is solved in /3/, while the solution of the correspond-
ing elastic-plastic problem is constructed in /1/. The flow of plastic material between
conical surfaces taken rough in the annular direction is investigated in /4,5/ for constant
transverse velocities in this same direction.

1. Fundamental Equations. The relationships of the theory of an ideal rigidly-plastic
flow in spherical coordinates have the following form in the usual notation:
Equilibrium differential equations
a3 1 01y 1{ aTOm 91
6—;+ 0 +““"rsine——"a¢ + (20, — 0o — 0 -+ Tro ctg8) =0 (1.1)
87,4 1 93¢ 1 6‘590) 1
- tTwm trane o + — [(0o — gg) clg 6 -+ 31,6] =0
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Relationships between strain rate, stress, and displacement velocity comments

= =2 1 a

€17 == A (015 — 8;50), e,._a_:, ge=_'r‘_+_r__a%_ (1.2)
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Huber — Mises plasticity condition

(0 — 00)* + (00 — 05)? + (0 — &) + 6 (%rs* + Tog? + Tre?) = 6 (1.3)

Here and henceforth, the stress components are referred to the plastic constant k. It is
convenient to represent the stress components in the form

1 —
UT—06+'§(5r—EG)’ 0, =20p éo (e, + 2¢eq) (1.4)
1 - -+
1= o Viss Qy= (e,2 + €,20 -+ e -+ '\739 V%w V;P)'I:

In a certain class of axisymmetric flows the stress and displacement velocity components
can be expressed in terms of the unknown functions f(8),y (8) and arbitrary constants in the
following form:
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0=y + 2= [(2h + 1) /' + (A — 1) f g 6], (1.5)
=°e+—2-&—}-2)~(f’—-fctg9)
m=——[g’+<i-—x><2+am, o= A= DOED ging

=T P'sind, Q={4A%?-— 4hgh -+ 4h?

[+ (1 =22+ WP+ + 2)sin? @ [ + (A — 1) PP}
g=1[ -+ fetgh, h = (A + 1)f' — fctgh, A = const
u=rrg, v=—N\+ Y, w = (b 4+ 2)rMpsind + Crsind

Here and henceforth the letters of the upper case of Roman alphabet denote arbitrary con-
stants,
The expression

oom—H+MIinr—3{t0do+ 20 +2) (' —7ctg®)ctg0 - (1.6)

and the system of two ordinary nonlinear differential equations in f and ¥

(B2 +egey + U=+ + (1.7
2 (fsin6) + Msing=0

(sizz;ﬁ 'P’)""3(1 a8 sm’ﬁ $=0

follow from the equilibrium equations (1.1) and the relations (1.5).
The boundary conditions for the system (1.7} are determined by specific flow conditions.
For A = ~2, ¢ = C = 0 we have the radial flow case considered in /1,2/.

2. Torsion of a conical tube by annular tangential forces acting on the
side surfaces. we assume that tangential distributed loads

Tep=¢ a5 B =0, Tep=1¢, as 8= (2.1)

are applied to the inner and outer side surfaces of a long conical tube.

Upon substitution of f{(8)=0,M = H = 0Ointo {(1.5)—~ (1.7), we obtain ¢,=0g = Uy =
T9=0, u=v=0. The second equation in (1.7} can, if the subscripts on Tg, are removed, be
written in the form

4 2tetgl + 3Y1 -2 =0 (2.2}
T=9 [P+ (A — )R, Ase (2.3)

The solution of equation (2.2) can be obtained in gquadratures. By introducing the new
function Z (z)

T A , T==ctgh
I-H-t-ii(:)
and then the function
__ t—y _ z¥i—v—x
TTrw VT Visuiw (2.4)

equation (2.2) reduces to a linear differential equation in z whose solution has the form

22(t + '+ S (1 + y*)~+ dy == const (2.5)

The quadrature obtained in expressed in terms of an elliptic integral of the first kind.
In the long run, by taking account of the first boundary condition from (2.1), we obtain

YZega 1 (2.6}
E({'-%—- + F[arc cos T {t, ), y.--] “Taa T F [am cos T'{g1, @) *7-2-}
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where we used the notation

T(z,y) = (zcosy 4+ Y1 — z?sin y)"/+

Utilization of the second boundary condition in (2.1) yields the relationship

VZetgh 1 1 VZcgea 1 (2.7)
o oo + F (arc cos T (gs, B), %8 ]_W +F [arc cos T (g1, ), —-ﬁl

The relationship (2.7) imposes a connection between the values of ¢, and ¢, which should
be conserved in the limit state of the conical tube.
From (2.3) we determine ¢ (0)

[:]
¢=Dexp[(k—1)s L ] (2.8)
1—1
a
3. Conical tube subjected to the combined action of normal and annular
tangential forces. We assume that distributed normal and tangential forces

Go= —P1, Tgg=¢1 as O =@, 0= —Pp Togg=¢, a O=4§ (3.1
act on the inner and outer surfaces of a long conical tube.

If we take f= E/sin®, A =1, M = 0 in the relationships (1.5)— (1.7), then the first
equation in (1.7) is satisfied identically, and upon taking account of the boundary condition
on the inner surface we will obtain from the second (we omit the subscripts on the Tep)

sin®a

T=1'sin?0 (4E%cos? 6 4- P*2sin® 0), T=q1 <5 (3.2)

By hence determining V', substituting in the normal stresses (1.5) and (l.6), and taking
account of the boundary conditions on the inner surfaces, we have

o, =09+ V1 —1% 6= 0¢ + 2¢1 —1? (3.3)
Og = —p1 + T(Tv sin 9) - T(‘Iu sin a‘)
Ty =i+ yT=2 —yYT—F +2lny

The conditions on the outer surface govern the following connection between the parameters
Pi»q;» Which should be conserved in a definite state of the conical tube

p1— p2 = T (gy sin B) — T (g, sin @), g, sin? B = qsin®ea (3.4)
There follows from (3.2)

E
1p=m[]/1—1’—]/1—q1’]+const (3.5)

If the values of { are taken into account, the displacement velocities will be

E; 3Ersin 0 :
u=0, v=—53in" , w=_q,—;iﬁx%]?[ﬂ_12— VY1 —g,%] 4 Grsin® (3.6)

Formulas /3/, corresponding to the limit state of a conical tube for internal and external
pressure are obtained from the preceding formulas for ¢, = 0.

Upon going over to cylindrical coordinates and fixing rsinf, the formulas for the stress
follow from the (3.3) and (3.4) obtained, as r— oo, § — 0:

op=—p+ T (1,7) — T (g1, @)
09=0',.—2V1-—1,", ‘I:re=‘|:=q1:—:

(3.7

while relationships for the limit state are obtained from (3.4)
P1— Py =T (g2 b) — T (q, a), g;b* = gya? (3.8)

The formulas (3.7) and (3.8) determine the ultimate state of stress of a cylindrical tube
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in cylindrical coordinates, where a and b here and henceforth denote the inner and outer radii,
respectively.

The expressions (3.7) for the stress agreee with the Nadai formulas /6/ referring to the
stresses in the plastic domain surrounding a circular cavity in the infinite plane.

4. Conical tube subjected to the combined action of normal and longitud-
inal tangential forces (Fig.l). We consider the limit state of a long conical tube when
normal pressures —p;, —pP, and tangentially distributed forces ¢, ¢; parallel to the generat-
rix, respectively, act on the inner and outer side surfaces.

Assuming ¢ (0) =0, A= M =0 in (1.5)— (1.7), and omitting the subscripts on the T,we

obtain
i v (' — f et . "
Taq‘%:—g-, [ o - v (f 1":’ 6 . vmslgn(f _fctg-ﬂ) (4.1)

Substituting these expressions in (1.5) and (1.6}, and taking account of the condition
on the inner surface, we find

O, = gg + Y1 — 1, 0¢=09+2'|/'1--1.'2 (4.2)
o9 = —p1 + T (1,0) — T (g1, @), Trgp = Tgp = 0

T, y=2In+y1—2—2y1 —22+2lnsiny —
3¢, sin o In tg y/2

Satisfying the conditions on the outer surface O = f we arrive at relations determining
the limit state of the conical tube in terms of loads

Pr— Pz = T (9 B) — T (g1, @); ga8in®P = gy sin*a (4.3)
The displacement velocities can be taken in the form
u=/f +fcigd, v=—2f,w=90 (4.4)

Comparing the formula for the tangential stress from (1.5) with the expressions (4.1),
we arrive at a linear differential equation in f

” 2v . 1 2t = .

whose general sclution will be

9 0
a0
f=stiﬂ9+CgsinGS;Ta—,-é-exp[ZS :_ﬁ]dﬂ (4.6)
a a
The formula /3/
= 21a 328

follows from (4.3) for ¢ =g, = 0.
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The solution in /3/ corresponds to A= 1,49 =0, etc. in the case under consideration,
while according to /3/ the corresponding velocity field has the form u= w =0, v = Nr/sin 6.
The displacement velocity field corresponding to the case under considerationherei = 0, ¢ = 0,
etc., is determined from (4.4), where

f=Cysin6 -+ Crotgh + —S-sin@1n A28 (4.7)

Going over to cylindrical coordinates, setting rsin® as r— oo, 8 — 0, we obtain from
(4.2) and (4.3)
Or = —P1 + TO(Ti f) - To(‘Ih a)
gg=0,+2y1 -1, o, =0, + Y1 —1 1, =1=gqalr

To(r,p) =2+ Y1 -2l —29Y1T -2+ 2Iny

In cylindrical coordinates these formulas determine the limit state of stress of a cylind-
rical tube under the combined action of normal pressures and distributed tangential forces.

5. Beniiing and tension of a conical sheet (Fig.2). Let a sheet in the form of

a gector as a long conical tube be in the limit state under the combined effect of distributed bending
moments and tensile forces applied to the axial endface sections. The law of variation of
these forces along the generators must be determined.

We seek the displacement velocity field in the form

u=0, v=3r(Actg9—%— Ccosq))
w==3r(Apsinb - CcosOsin ¢)
Then the strain rate components different from zero will be
a¢=—eo=;%6(A—Bcose)
The corresponding stress components are determined from the equations (l.l) and (1.4)

Or =08 — "V, Opg=0g—2v, g = —H — 2vInsin 8, v = sign &g

It follows from the condition of no loading on the inner surface

6, =0p—1, Op=0g—2, Gp=—2InI22 @O

where 0 = ¢ is the neutral surface of the layer. Taking account of the conditions @ =f§ on
the outer surface, we determine

o, =0p+1, Gp=0p+2 oce=—2lniBb ,cogp

From the condition of continuity of o0 on the surface 6 = vy we find

siny = }/sin & sin B

Fig.2 Fig.3
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The limit bending moment relative to the axis 0 =0 per unit length will be

My==r? §a@ sinBdf=4r?in (sin -;—‘- sin% sin™? -%’-}

@

Bending moments relative to axes perpendicular to the axis 0 =0 and lying in the axial
endface sections ¢ = 4¢, are zero. Indeed, by expressing Op from the first equilibrium
equation (1.l) for the case under consideration, we obtain

8
M‘=r’Sc¢cosade=r'-’cssin9ig=0
@*

The ultimate tensile force in the sections @ = 49, will be

T,mrjo,,de=r[§(1-1n e )de~5(1+1n—§;;§—g)de]

Assuming g, = 0 on the surface @ = y and clamping the line ¢ =0, 8 =7y, we find

s¢=-—-ee==-§§%§?(cosv—cosﬁ)

1—cosycos O
sin

v .
35~ =sinycos ¢ —

=0, -3%-chcosysinﬁ——sinvcose*simp

Upon going over to cylindrical coordinates and fixing rsin® as 7r-» oo, 8 — 0 the Hill
solution /7/ is obtained from the formulas obtained for the bending of a cylindrical sheet
(in particular, M, = (b — a)¥2, T, = 0).

6. Flow of a plastic mass between rough conical surfaces (Fig.3). The prob-
lem of the limit state of a plastic material, between rigid rough slabs was first investigated
by Prandtl in /8/ under plane strain conditions. The theory of the flow of plastic material
over rigid surfaces was later developed and extended in /1-7/,9-12,13/.

The problem of the plastic flow between rigid rough conical surfaces is studied in /11/.
In contrast to the problem under consideration in which the transverse displacement velocity
is considered an exponential function of the azimuthal coordinate, this velocity is assumed
constant in the designated coordinate in /11/.

Let us examine the problem of the flow of an incompressible ideally plastic mass between
two~dimensional rough conical surfaces as they come towards each other according to the law

ve=@rei®l as 8 = ¢, v = —ageHo as 6 =P (6.1}

where oy, ®, p are given constants. Because of symmetry, we consider the domain 0o <
9. We assume the tangential stresses occurring in the contact surfaces /1,9/ are considerab-—
ly less than the material yield under the shear and equal, respectively:

Trg = My, Togg = 1, 0 = @ (6.2)
Trg = —~ My, Top == — gy, & = f

evidently m;® + ¢ <1,
We seek the stress and displacement velocity components in the form
O, = 0o+ 41 Go=0 + 5 (' — D) (6.3)
T (7 F @Y, ap =g (¥'sin 0 + i)
o= —shy (' + @), Q=[(+ 0+ 9(vsine+ P 4

(4+ -;1%253) (' + DR 4 4 2f — D) (f' — 2«1))1"‘
u=r(f + @) et v= 3rfeb?, w = Jrpe-¥®sin O 6.4)

where § and v are arbitrary functions of 6, while @ = fetg 0 + py.
Substituting (6.3) into the equilibrium differential equations (1.1), we arrive at the

expression
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[} 0
d
Go=—H-+Mlnr— A(go— ¢) + GS(f'_m)c_‘g%_‘.’__g,Swdg (6.5)
o a
and the system of two ordinary differential equations with the boundary conditions

[Si;\ze (f -‘-(I))]‘—{— 65;2n9 (f’+(D)'+MsinB=0 (6.6)
[228  sinto+pn)]' — L2 + @) + 5-sin0=0

f=—wf3 as O6=a, f=wf3 as 0=pP (6.7)
1 ’ ’ m 0=a 3 , . uf q 0=c

Foror={ g Hvemera)={_5 0T, (6.8

Taking into account the expression for the tangential stresses (6.3) and introducing the
notation B = A 4+ /;uM, we £ind

Top =T — 51y, T 20 C
8 = 3sin 0 16 = =m0 (6.9)

Using the boundary conditions (6.2), we cbtain from (6.9)

B== [q;sin’a-}-qgsin“ﬁ-}- (6.10)
%p.(ml sin® - mgsin ﬂ)] (cosa — cos f)™1
C = lg, sin® & cos f 4 g, sin® B cos @ + Yy (m, sin a x

cos B + m, sin B cos a)] (cos @ — cos )t

The relationship (6.9) can also be represented in the form
3 I
= (vsind+ o)+ b (7 4 @Y =1 (6.11)

which, in combination with one of equations (6.6), forms a system of differential equations
governing the functions f(0), ¢ (0) and the constants 4 and C under the boundary conditions
(6.7) and (6.8).

Introducing the new functions r=1i ¥ = P/f, these differential equations can be re-
duced by one order. In the particular case when m; =m, =0, i.e., the conic surfaces in the
radial direction are ideally smooth, then by setting

f+@=M=0 (6.12)

we will have

B=A=q‘5inz‘z-*-q’ﬁn’b C= qxsin’acosﬁ+a:sin’ﬂoosa

cosa—cosf ! cosa—cos fi
6vf’ :
Q=_, £ ’ == =U=
= " signf’, Tg=Ttgp=u=0 (6.13)
Top=1T= g1 8in®e (cos 6 — cos B) — g, sin® B (cos a — cos 0)

(cos @ — cos p) sin? B (6.14)

The first equation of (6.6) transforms into an identity, and from (6.ll) we arrive at the
differential equations

. 2t 1\,  i+p
f+(ctg9—ﬁm)f "‘Tin—gp;f=0 (6.15)

which defines f(0) under the conditions (6.7).
For normal stresses we cbtain

0,=0s+ Y1 —1% Op=0p+2 )T —1F (6.16)

[3

so=—H—A(po— ) +2{yT=Tctg0do

Taking into account that the endface sections of the layer ¢ = 4, are load-free, we
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obtiain the condition for zero sum of the moments of the forces with respect to the axis ¢ =
acting on an arbitrary part of the layer on a section of length dr between ¢ and ¢, '
8

ch,sinede-;-(q,sina-{—qg-sinﬁ)((po—cp)--:(l (6.17)

@

Hence, there is determined

. 2 /7 ——=z 1—cosPcosB
H= €03 & — €08 P § f—x Sin 0 a8 (6.18)
«
The pressure, acting per unit length, on the contact surface § = ¢ will equal
'S
p,,=-~2rsinag (0908 @ — Ty SiN Po=a AQ (6.19)
)
from which it follows
o = 2r sin « [H sin ¢, + (1 — cos @¢) (4 + ¢4)] (6.20)

Going over to cylindrical coordinates and setting rsin® for r— o~ and § -» 0, we ob~
tain from {(6.14), {(6.18), {6.18) and {6.19)

< d
a,=_H*M2A,(¢o._(p)+ZS T—viL (6.21)
a

gp==0,+2Y1—1% o,==0,+ yY1—7°

b
. d
rre=1:=A*'-‘Iri:" H*"—“E-_Z"S VI=2 @t +r9)

P
a

g18% -+ geb? ot g a®?
Ae=-Tgrt— Ba="p—g—

Pe = 2a |H, sin @, + (1 — co8 ¢y (A + @)l {(6.22)

These formulas determine the ultimate state of stress of a cylindrical layer in cylind-
rical coordinates, when the layer is compressed between two coaxial cylindrical surfaces u =
uehi®l for ro= a, u = —ue#® and for r=~5%. If we go over to rectangular coordinates
for r-» oo and ¢ — 0, the Prandtl formulas /8/ follow from (6.21), for the ultimate state of

a rectangular layer during its compression by parallel rough slabs.
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